$L^2 ( \mathbb{T}^2)$ の不変部分空間の形について(線形作用素の理論と応用に関する最近の発展) by 長谷川, 敦史 & 斎藤, 吉助
Title$L^2 ( \mathbb{T}^2)$ の不変部分空間の形について(線形作用素の理論と応用に関する最近の発展)
Author(s)長谷川, 敦史; 斎藤, 吉助








( ) (Atsushi Hasegawa)
Disco Inc.
(Kichi-Suke Saito)
Faculty of $\mathrm{S}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}_{\backslash }$ Niigata University
1
$\mathrm{T}^{2}=\{(z, w)\in \mathbb{C}^{2} : |z|=1, |w|=1\}$ $L^{2}(\mathrm{T}^{2})$ $\mathrm{T}^{2}$ $(\mathrm{T}^{2})$
$\mathrm{T}^{2}$ o
$L^{2}(\mathrm{T}^{2})$
$z\mathfrak{M}\subset \mathfrak{M}_{\text{ }}w\mathfrak{M}\subset \mathfrak{M}$
$L^{2}(\mathrm{T}^{2})$ $L^{2}(\mathrm{T})$
$L^{2}(\mathrm{T}^{2})$ Beurling unimodular
fiiction $\phi$ \mbox{\boldmath $\phi$} $(\mathrm{i}^{\mathrm{a}})$ – 1988




$[4, 6, 7]_{\backslash }\mathrm{e}\mathrm{t}\mathrm{c})_{0}$
1998 [4] zw-
Beuring $L^{\infty}(\mathrm{T}^{2})$ unimodular $\phi$ $\phi H_{0}^{2}(\mathbb{P})$
$(m, n)\in \mathbb{Z}^{2}$ $f\in L^{2}(\mathrm{T}^{2})$ $f$ Fou-rier .
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$\hat{f}(m,n)=\int_{\mathrm{F}^{2}}f(z,w)\overline{z}^{m}\overline{w}^{n}d\mu$.
$\mu$
$\mathrm{T}^{2}$ Haar $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\hat{f}=\{(m, n)\in \mathbb{Z}^{2},\hat{f}(m, n)\neq 0\}$ . $L^{2}(\mathrm{T}^{2})$
$A$ $A$ $L^{2}(\mathrm{T}^{2})$ $[A]$
. $L^{2}(\mathrm{T}^{2})$
(i) $H^{2}(z)$ $H^{2}(w)$ Fourier $L^{2}(\mathrm{T}^{2})$ $f$
$\sum_{m=0}^{\infty}a_{m0^{Z^{m}}}$ , $\sum_{n=0}^{\infty}a_{0n}w^{n_{\mathrm{O}}}$
(\"u) $H_{z}^{2}$ $H_{w}^{2}$ Fourier $L^{2}(\mathrm{T}^{2})$ $f$
$\sum_{m=-\infty}^{\infty}\sum_{n=0}^{\infty}o_{mn}z^{m}w^{n}$ , $\sum_{n=-\infty}^{\infty}\sum_{m=0}^{\infty}a_{mn}z^{m}w^{n}$.
(\"ui) $L_{z}^{2}$ $L_{w}^{2}$ Fourier $L^{2}(\mathrm{T}^{2})$ $f$
$\sum_{m=-\infty}^{\infty}a_{m0}z^{m}$ , $\sum_{n\approx-\infty}^{\infty}a_{0n}w^{n}$ .
[4] $L^{2}(\mathrm{T}^{2})$ $\mathfrak{M}$
$L^{2}(\mathrm{T}^{2})$ $=$ $\ominus zw\mathfrak{M}_{\text{ }}$ 6z=M\ominus z $\mathfrak{S}_{w}=\mathfrak{M}\ominus w\mathfrak{M}$
z $z$- w-
\S 2 $S_{z}\neq 0$ $\neq 0$ $L^{2}(\mathrm{T}^{2})$
$L^{\infty}(\mathrm{T}^{2})$ 2 unimodular $\phi_{z}$
z $=\phi_{z}H^{2}(z)$ $=\phi_{w}H^{2}(w)$ $\varphi=$ \mbox{\boldmath $\phi$}
$\text{ _{}\varphi}=[H^{2}(\mathrm{T}^{2})+\varphi H^{2}(\mathrm{T}^{2})]$
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$N=\overline{\phi_{w}}\mathfrak{M}\ominus \mathfrak{M}_{\varphi}$ $\phi_{w}(\mathfrak{M}_{\varphi}\oplus N)$ . \S 3
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\hat{\varphi}\subset \mathbb{Z}+\cross(-\mathbb{Z}+)$ $L^{\infty}(\mathrm{T}^{2})$ unimodular $\varphi$ $\varphi$
$\mathfrak{M}_{\varphi}$ $=H^{2}(w)$ $=\varphi H^{2}(Z)$
\S 4 [4] –
$\text{ _{}\alpha}^{(m,n)}=[H^{2}(\mathrm{T}^{2})+\psi_{\alpha}^{(m,n)}H^{2}(\mathrm{T}^{2})]$
($\psi_{\alpha}^{(m,n)}$ \S 4 ) $\alpha\in \mathrm{D}$ $\mathfrak{M}_{\alpha}^{(m,n)}$
$\mathrm{D}=\{z\in \mathbb{C} : |z|<1\}$
Guoxing Ji(Shaanxi Normal $\mathrm{U}\mathrm{n}i\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{y}_{\text{ }}$ China) (
)
2 zw-
L2(T2) n znMDzn+lM wnM\supset
$w^{n+1}\mathfrak{M})$ $\bigcap_{k=1}^{\infty}z^{k}\text{ }\bigcap_{k=1}$wk $\bigcap_{k=1}^{\infty}z^{k}\mathfrak{M}=\{0\}$
(resp. $\bigcap_{k=1}^{\infty}w^{k}\mathfrak{U}t=\{0\}$) z-pure (resp. w-pure)
$Z\text{ }=\mathfrak{M}$ (resp. $w\text{ }=\mathfrak{M}$ ) $\mathfrak{M}$ z-reducing (resp. w-reduc )
$z$-reducing (resp. $w$-reducing) [7]
$zw$- $n$ (zw)n $\supset$




(i) $z$ -pure $w$ -pure $zw$ -pure




$zw$-pure $=$ \ominus zw Y
Sz=M\ominus z Sw=M\ominus w
Proposition 2.2
(i) $= \sum_{k=0}^{\infty}\oplus z^{k}\mathfrak{S}_{z}\oplus\bigcap_{k=1}^{\infty}z^{k}\mathfrak{M}=\sum_{k=0}^{\infty}.\oplus w^{k}\mathfrak{S}_{w}\oplus\bigcap_{k=1}^{\infty}w^{k}\text{ }=\sum_{k=0}^{\infty}\oplus(zw)^{k}S\circ$
(ii) $=\mathfrak{S}_{z}\oplus z\mathfrak{S}_{w}=\mathfrak{S}_{w}\oplus w\mathfrak{S}_{z}$
$S_{z}$
$(\mathrm{r}\mathrm{a}\mathrm{e}\mathrm{p}\infty. S_{w})$ $S_{\infty}\text{ }z$- (resp. $w$- )
$=\cap$ $S_{w}=\cap$ L $\subset \mathfrak{S}_{w\text{ }}S_{w}\subset \mathfrak{S}_{z}$
$k\approx 0$ $k=0$
Proposition 2.3 , (resp. ) $\mathfrak{S}_{w}$ (resp. $\mathfrak{S}_{z}$ ) $z$ (resp. w-
)
Proposition 2.4 (cf. [4, Proposition 2]) zw-pure $L^{2}(\mathrm{T}^{2})$
(i) $zSz\subsetneq$ $L^{\infty}(\mathrm{T}^{2})$ unimodular
$\phi_{z}$ $S_{z}=\phi_{z}H^{2}(z)$
(\"u) $S_{z}=zS_{z}\neq\{0\}$ =\mbox{\boldmath $\chi$}Eq
. $q$ $L^{\infty}(\mathrm{T}^{2})$ unimodular $\chi_{E}$ $\mathrm{T}^{2}$ Borel $E$
$\chi_{E}\in L_{z}^{2}$ $\chi_{E}\neq 0$ $\text{ }=$ z $=\{0\}$
Proposition 2.5 (cf. [4, Proposition 3]). zw-pure $L^{2}(\mathrm{T}^{2})$
(i) $zSw\subsetneq$ $L^{\infty}(\mathrm{T}^{2})$ unimodular
$=\phi_{w}H^{2}(z)$
(\"u) yew=w $\neq\{0\}$ $=\chi_{E}qH_{w}^{2}$
$q$
$L^{\infty}(\mathrm{T}^{2})$ unimodular $\chi_{E}$ $\mathrm{T}^{2}$ Borel $E$
$\chi_{B}\in L_{w}^{2}$ $\chi_{E}\neq 0$ $=$ $=\{0\}$
65
z $\neq\{0\}$ $\neq\{0\}$ $z\text{ _{}z}\subsetneq S_{z}$
$wSw\subset\vee$ $S_{z}=zSz\neq\{0\}$ 4 (ii)
$=\chi_{B}qH_{z}^{2}$ $=\{0\}$ $L^{\infty}(\mathrm{T}^{2})$
unimodular $\phi_{z}$ $\phi_{w}$ z $=\phi_{z}H^{2}(z)$ $=\phi_{w}H^{2}(w)$
$\overline{\text{ }}=\overline{\phi}_{w}\text{ _{ }}\mathfrak{M}\text{ }$ $L^{2}(\mathrm{T}^{2})$ x=M\ominus zw
( )z (resp. ( )w) $z$- (resp. $w$- )
$\varphi=\overline{\phi}_{w}\phi_{Z}$ $\mathfrak{M}_{\varphi}=[H^{2}(\mathrm{T}^{2})+\varphi H^{2}(\mathrm{T}^{2})]$ \mbox{\boldmath $\varphi$} zw-
pure $L^{2}(\mathrm{T}^{2})$ $\mathfrak{M}_{\varphi}\text{ }\overline{\text{ }}$ \mbox{\boldmath $\varphi$}= \mbox{\boldmath $\varphi$}\ominus zwM\mbox{\boldmath $\varphi$} $\mathfrak{S}_{z}^{\varphi}=$
M\mbox{\boldmath $\varphi$}\ominus z \mbox{\boldmath $\varphi$} $\mathfrak{S}_{w}^{\varphi}=$ \mbox{\boldmath $\varphi$}\ominus w \mbox{\boldmath $\varphi$} : (resp. :)
$z$- (resp. $w$- )
Proposition 2.6 (i) z\mbox{\boldmath $\varphi$} $=\varphi H^{2}(z)_{\text{ }}S_{w}^{\varphi}=H^{2}(w)_{\circ}$
(ii) $\varphi$ $L^{\infty}(\mathbb{T}^{2})$ unimodular $\mathrm{S}\mathrm{u}\mathrm{P}\mathrm{p}\hat{\varphi}\subset \mathbb{Z}+\cross(-\mathbb{Z}+)$
Theorem 2.7 $\text{ _{}z}=\phi_{z}H^{2}(z)_{\text{ }}S_{w}=\phi_{w}H^{2}(w)$ $L^{2}(\mathrm{T}^{2})$ $zw$ -pure




$\mathrm{S}\mathrm{u}\mathrm{P}\mathrm{p}\hat{\varphi}\subset \mathbb{Z}_{+}\cross(-\mathbb{Z}_{+})$ $L^{\infty}(\mathrm{T}^{2})$ unimodular
Example 2.8 $m$ $n$
$H_{m,n}^{2}(\mathrm{T}^{2})=[z^{m}H^{2}(\mathrm{T}^{2})+w^{n}H^{2}(\mathrm{T}^{2})]$ .
$\mathfrak{M}$ $=w^{m}l\text{ }(w)_{\text{ }}$ z $=w^{n}H^{2}(z)$
$\mathfrak{M}\supset H_{m,n}^{2}(\mathrm{T}^{2})$ $N=\overline{w^{n}}(\mathfrak{U}t\ominus H_{m,n}^{2}(\mathbb{T}^{2}))$
$=H_{m,n}^{2}(\mathrm{T}^{2})\oplus w^{n}N$
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$m=1$ $n=1$ $N=0$ $m=n=2$ $N$
(i) $N=\{0\}$ ;
(ii) $N=[z\overline{w}]$ ;
(iii) $N=[z\overline{w}, \alpha z\overline{w}^{2}+\mathcal{B}\overline{w}]$ ‘
‘
$\alpha$ $\beta$ $|\alpha|^{2}+|\beta|^{2}=1$ $0$
3 $\mathfrak{M}_{\varphi}$
$\varphi$
$\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}\hat{\varphi}\subset \mathrm{z}_{+}\cross(-\mathbb{Z}_{+})$ $L^{\infty}(\mathrm{T}^{2})$ unimodular $\mathfrak{M}_{\varphi}=$
$[H^{2}(\mathrm{T}^{2})+\varphi H^{2}(\mathrm{T}^{2})]$ \mbox{\boldmath $\varphi$} $zw$-pure $L^{2}(\mathrm{T}^{2})$
$H^{2}(\mathrm{T}^{2})\subset \mathfrak{M}_{\varphi}\subset H_{w}^{2}$ .
$=\mathfrak{M}_{\varphi}\ominus zw\mathfrak{U}\mathrm{t}_{\varphi\text{ }}\mathfrak{S}_{z}^{\varphi}=\mathfrak{M}_{\varphi}\ominus z\mathfrak{M}_{\varphi\text{ }}\mathfrak{S}_{w}^{\varphi}=\mathfrak{M}_{\varphi}\ominus w\mathfrak{U}t_{\varphi}$ (r6p. $\Psi_{w}$ )
$z$- (resp. $w$- ) $\varphi\in H^{2}(z)$
$\text{ _{}\varphi}=H^{2}(\mathrm{T}^{2})$ $\varphi\not\in H^{2}(z)$
z\mbox{\boldmath $\varphi$} $=\varphi H^{2}(z)$ and $\text{ _{}\mathrm{w}}^{\varphi}=_{1^{\mathrm{l}}}\text{ }(\mathrm{w})$
Proposition 3.1 $\varphi$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\hat{\varphi}\subset \mathbb{Z}+\cross(-\mathbb{Z}_{+})_{\text{ }}\varphi\not\in H^{2}(z)$ $L^{\infty}(\mathrm{T}^{2})$ uni-
modular $\varphi H^{2}(z)\subset$ $\subset\varphi L_{z^{\text{ }}^{}2}H^{2}(w)\subset$ w\mbox{\boldmath $\varphi$} $\subset L_{w}^{2}$
Theorem 3.2
(i) w\mbox{\boldmath $\varphi$} $=H^{2}(w)$ $\mathfrak{M}_{\varphi}\cap\overline{wH^{2}(w)}=\{0\}$
(H) z\mbox{\boldmath $\varphi$} $=\varphi H^{2}(z)$ $\text{ _{}\varphi}\cap\varphi\overline{zH^{2}(z)}=\{0\}$
Corollary 3.3
(i) $\text{ _{}\varphi}\perp\overline{wH^{2}(w)}$ $\Psi_{w}=H^{2}(w)$
(ii) $\mathfrak{M}_{\varphi}\perp\varphi\overline{zH^{2}(z)}$ \mbox{\boldmath $\varphi$}z $=\varphi H^{2}(z)$
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Corollary 3.4
(i) $1\in \mathfrak{S}_{w}^{\varphi}$ $\hat{\varphi}(0, n)=0$ 1 $n$
$=H^{2}(w)$
(ii) $\varphi\in \mathfrak{S}_{z}^{\varphi}$ $\hat{\varphi}(m, 0)=0$ 1 $m$
$=\varphi H^{2}(z)$
(iii) $\hat{\varphi}(m, 0)=\hat{\varphi}(0, -n)=0$ 1 $m$ $n$
, z\mbox{\boldmath $\varphi$} $=\varphi H^{2}(z)_{f}S_{w}^{\varphi}=H^{2}(w)$
4
\S 2 z $\neq\{0\}_{\text{ }}$ $\neq\{0\}$
z+ $\subset$ [6z+6w]\subset [4] $+$ $=[\mathfrak{S}_{z}+\mathfrak{S}_{w}]$
$\mathrm{D}$ $\{z\in \mathbb{C}:|z|<1\}$ $\alpha\in \mathrm{D},$ $m,$ $n\in \mathrm{N}$
$\psi_{\alpha}^{(m,n\rangle}$
$\psi_{\alpha}^{(m,n)}(z,w)=\frac{z^{m}\overline{w}^{n}-\alpha}{1-\overline{\alpha}z^{m}\overline{\overline{w}}^{n}}$
$\psi_{\alpha}^{(m,n)}$ $(k, \ell)\in \mathbb{Z}_{+}\cross(-\mathbb{Z}_{+})$
$\overline{\psi_{\alpha}^{(m,n)}}(k,\ell)=0$
L\infty (T2) mimodu1ar L2(I) ,n)
$\text{ _{}\alpha}^{(m,n)}=[H^{2}(\mathrm{T}^{2})+\psi_{\alpha}^{(m,n)}H^{2}(\mathrm{T}^{2})]$
Theorem 4.1 $\mathfrak{M}=\mathfrak{M}_{\alpha}^{(m,n)}$
w $=H^{2}(w)_{\text{ }}S_{z}=\psi_{\alpha}^{(m,n)}H^{2}(z)_{\text{ }}\mathfrak{S}_{w}=\psi_{\alpha}^{(m,n)}H^{2}(z)+[1, z, \cdots, z^{m-1}],$ $\mathfrak{S}_{z}=$
$H^{2}(w)+[\psi_{\alpha}^{(m,n)}, w\psi_{\alpha}^{(m,n)}, \cdots, w^{n-1}\psi_{\alpha}^{(m,n)}]$
$S=\text{ _{}z}+\text{ _{}w}+[Z, \cdots,z^{m}]+[w\psi_{\alpha}^{(m,n)}, \cdots,w^{n-1}\psi_{\alpha}^{(m,n)}]$
$=$ z+Sw+[z, $\cdot$ .. , $z^{m-1}$ ] $+[w\psi_{\alpha}^{(m,\mathrm{n})}, \cdots,w^{n}\psi_{\alpha}^{(m,n)}]$.
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4.1




$(-\mathbb{Z}_{+})$ $L^{\infty}(\mathrm{T}^{2})$ unimodular $\varphi$ xw=H2(w) $=\varphi H^{\mathit{2}}(z)_{\text{ }}$
$\mathfrak{S}_{w}=\varphi H^{2}(z)+[1, \cdots, z^{m-1}]_{f}\mathfrak{S}_{z}=H^{2}.(w)+[\varphi, w\varphi, \cdots, w^{n-1}\varphi]$
$\hat{\varphi}(0,0)=0$ $\alpha=0$
Corollary 4.3 $zw$ -pure $L^{2}(\mathrm{T}^{2})$ $m$ $n$
on $=\overline{w^{n}}H_{m,n}^{2}(\mathrm{T}^{2})$ $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}\hat{\varphi}\subset \mathbb{Z}_{+}\cross.(-\mathbb{Z}_{+})_{\text{ }}\hat{\varphi}(0,0)=0$
$L^{\infty}(\mathrm{T}^{2})$ unimoduiar $\varphi$ xw=H2(w) $=\varphi H^{2}(z)_{\text{ }}\mathfrak{S}_{w}=$
$\varphi H^{2}(z)+[1, \cdots, z^{m-1}]_{\text{ }}\mathfrak{S}_{z}=H^{2}(w)+[\varphi,w\varphi, \cdots, w^{n-1}\varphi]$
42 mlmodular $\phi_{z}$ $=$
$H^{\mathit{2}}(w)_{\text{ }}$ z $=\phi_{z}H^{2}(z)$ $\mathfrak{M}_{\alpha}^{(m,n)}$
ExamPle 4.4 $\psi_{\alpha}^{(m,n)}$ $\phi_{z}=z\psi_{\alpha}^{(1,1)}$ .
z
z $=[H^{2}(\mathrm{T}^{2})+\phi_{z}H^{\mathit{2}}(\mathrm{T}^{2})]$
$=\mathfrak{M}_{z}$ $S_{w}=$ H2(w) z $=\phi_{z}H^{2}(z)_{\text{ }}\mathfrak{S}_{z}=$
$(w)+[\phi_{0}]_{\text{ }}$ $\mathfrak{S}_{w}=\phi_{z}H^{2}(z)+[1, z]$ $\phi_{0}=\phi_{z}-<\phi_{z},$ $z>z$
$=$ z+ $+[z, z^{2}]$
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Example 4.5 $\psi_{\alpha}^{(m,n)}$ $\phi_{w}=\overline{w}\psi_{\alpha}^{(1,1)}$ $H_{w}^{2}$
w $=[H^{2}(\mathrm{T}^{2})+\phi_{w}H^{2}(\mathrm{T}^{2})]$
$=$ =H2(w) $=\phi_{w}H^{2}(z)_{\text{ }}\mathfrak{S}_{z}=$
$H^{2}(w)+[\phi_{w}, w\phi_{w}]_{\text{ }}\mathfrak{S}_{w}=\phi_{z}H^{2}(z)+[\emptyset 0]$
$\phi_{0}=z\overline{w}+\frac{1-|\alpha|^{2}}{\overline{\alpha}}$
$=\text{ _{}z}+$ $+[z\overline{w},z\phi_{0}]$
2 42 $\mathfrak{S}_{w}=\phi_{z}H^{2}(z)+[1, z, \cdots, z^{m-1}]_{\text{ }}\mathfrak{S}_{\text{ }}=H^{2}(w)+$
$[\phi_{z}, \cdots, w^{n-1}\phi_{z}]$
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